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A Fourier-Bessel analysis is used to t charge and magnetization densities to data for the nucleon
Sachs form factors. The neutron and proton magnetization densities are very similar, but the proton
charge density is signicantly softer. A useful measurement of the neutron charge density is obtained,
although the relative uncertainty in the interior will remain substantially larger than for the other
densities until precise new data at higher Q2 become available.
The Sachs form factors GE and GM are determined by
the charge and magnetization distributions within nucle-
ons and have been measured by numerous experiments on
elastic electron scattering from the proton or quasielas-
tic scattering from the neutron in deuterium or polarized






where GD(Q2) = (1 + Q2/2)−2 with 2 = 0.71
(GeV/c)2 is known as the dipole form factor. Data for
GMp and GMn with Q2 > 1 (GeV/c)2 show signicant
departures from the simple dipole parametrization, but
the extraction of GEp from cross section data becomes
increasingly dicult as Q2 increases. Recent data using
the recoil polarization technique [1,2] have shown a dra-
matic, almost linear, decrease in GEp/GMp for Q2 > 1
(GeV/c)2. It was suggested that those results demon-
strate that the proton charge is distributed over a larger
volume than its magnetization, but radial densities were
not obtained. In this paper we use a Fourier-Bessel analy-
sis, together with a relativistic relationship between form
factors and densities, to determine the nucleon charge
and magnetization densities.
Let ρch(r) and ρm(r) represent spherical intrinsic
charge and magnetization densities. The vector magneti-
zation density is then expressed as ~µ(r) = µρm(r)~σ where
µ is the magnetic moment and ~σ is the Pauli spin vector.
It is convenient to normalize these densities according to
∫
dr r2ρch = Z (1a)∫
dr r2ρm = 1 (1b)
where Z = 0, 1 is the nucleon charge. Fourier-Bessel




where k2 is the square of the spatial frequency (or wave
number).
The interpretation of the Sachs form factors appears
simplest in the Breit frame for which the energy transfer
vanishes. In this frame the nucleon approaches with ini-
tial momentum −~qB/2, receives three-momentum trans-
fer qB, and leaves with nal momentum ~qB/2. The Breit
frame momentum is given by q2B = Q
2 = q2/(1 + τ)
where (ω, ~q) is the momentum transfer in the laboratory,
Q2 = q2 − ω2 is the spacelike invariant four-momentum
transfer, τ = Q2/4m2, and m is the nucleon mass.
The Sachs form factors are then determined by charge





GM (q2B) = µ~ρB,m(q
2
B) (3b)
that resemble Fourier transforms of spatial densities.
However, there exists no rigorous model-independent re-
lationship between these transition form factors and the
static charge and magnetization densities in the nucleon
ground state with identical initial and nal states. It
is dicult to construct such a relationship because the
boost operator for a composite system depends upon the
interactions among its constituents. The rst attempt
to relate elastic form factors to ground-state densities
was made by Licht and Pagnamenta [3] using a cluster
model and a kinematic boost that neglects interactions.
The transition form factors were then evaluated using
the impulse approximation and neglecting relative mo-
tion. Ji [4] made a more rigorous analysis using a rela-
tivistic Skyrmion model based upon a Lorentz invariant
Lagrangian density for which the classical soliton solu-
tion can be evaluated in any frame. Quantum fluctua-
tions were then evaluated after the boost. Although an
approximation is still required to evaluate the transition
form factors, it was argued that this approximation is
best in the Breit frame. The nal results oer simple
relationships between Sachs form factors and static den-
sities that take the form
~ρch(k2) = GE(Q2) (4a)
~ρm(k2) = GM (Q2)(1 + τ) (4b)
1
where the internal spatial frequency k is related to the





The most important relativistic eect is the Lorentz
contraction of spatial distributions in the Breit frame
and the corresponding increase of spatial frequency repre-
sented by the factor of (1+τ) in Eq. (5). A measurement
with Breit-frame momentum transfer qB = Q probes
a reduced spatial frequency k in the rest frame. The
Sachs form factor for a large invariant momentum trans-
fer Q2 is determined by a much smaller spatial frequency
k2 = Q2/(1+τ) and thus declines much less rapidly with
respect to Q2 than the Fourier transform of the density
declines with respect to k2. In fact, the accessible spatial
frequency is limited to k  2m such that the Sachs form
factors for large Q2 are determined by the Fourier trans-
form of intrinsic densities in the immediate vicinity of
the limiting frequency km = 2m, which is related to the
nucleon Compton wavelength. The dierence between
the multiplicative factors for ρch and ρm arises from the
Lorentz transformation properties of scalar and vector
elds [4]. Hence, the corresponding densities would dif-
fer even if the Sachs form factors were identical.
To extract radial densities from the nucleon form fac-
tor data we employ techniques originally developed for
tting radial distributions to data for scattering of elec-
trons or protons from nuclei [5{7]. Simple models with a
small number of parameters do not oer sucient flexi-
bility to provide a realistic estimate of the uncertainty in
a radial density. Rather, we employ linear expansions in
complete sets of basis functions that are capable of de-
scribing any plausible radial distribution without strong
a priori constraints upon its shape. Such expansions per-
mit one to estimate the uncertainties in the tted density
due to both the statistical quality of the data and the in-
evitable limitation of experimental data to a frequency
range, k  kmax. The uncertainty due to limitation of
k is known as incompleteness error. More detailed dis-
cussion of the method may be found in Refs. [5{7], but
the basic idea is to supplement the experimental data
by pseudodata of the form ~ρ(k2i ) = 0  δ~ρ(k2i ) whose
uncertainties are based upon a reasonable model of the
asymptotic behavior of the form factor for ki > kmax
where kmax is the spatial frequency corresponding to the
maximum measured Q2. On quite general grounds one
expects the asymptotic form factor for a conned sys-












anj0(knr)(R − r) (7)
where  is the unit step function, R is the expansion
radius, kn = npi/R are the roots of the Bessel function,
and an are the coecients to be tted to data. One ad-
vantage of the FBE is that the contribution of each term
to the form factor is concentrated around its kn so that a
coecient an is largely determined by data with k  kn.
The larger the expansion radius R, the smaller the spac-
ing between successive kn and the greater the sensitivity
one has to variations in the form factor. One should
choose R to be several times the root-mean-square ra-
dius but not so large that an excessive number of terms
is needed to span the experimental range of momentum
transfer. Terms with kn > kmax provide an estimate of
the incompleteness error. We chose R = 4.0 fm, but
the results are insensitive to its exact value. Small but
undesirable oscillations in tted densities at large radius
were suppressed using a tail bias based upon the method
discussed in Ref. [8]. We employed a tail function of
the form t(r) / e−Λr, based upon the successful dipole
parametrization for low Q2, and included in the χ2 t a
penalty for strong deviations from the tail function for
r > 2.0 fm. The constraint on the neutron charge was
also enforced using a penalty function. The tail bias im-
proves the convergence of moments of the density but has
practically no eect upon a tted density in the region
where it is large. The error band for a tted density is
computed from the covariance matrix for the χ2 t and
includes the incompleteness error.
We selected the best available data in each range of
Q2, with an emphasis upon recent data using recoil or
target polarization wherever available. GMp data were
taken from the compilation of Ho¨hler [9] for Q2 < 0.15
(GeV/c)2 and for larger Q2 from the analysis of Brash
et al. [10] using the recent recoil polarization data for
GEp/GMp from Refs. [1,2]. Cross section data from Refs.
[11,12] were used for Q2 < 1 (GeV/c)2 but cross section
data for GEp were excluded for larger Q2. Similarly, the
data for GEn were limited to recent polarization data
[13{18], including the analysis of t20 and T20 by Schiav-
illa and Sick [19], and the neutron charge radius from
Ref. [20]. Finally, for GMn we selected polarization data
from [21] and cross section data from [22{28].
Fits to the form factor data are shown in Fig. 1 as
bands that represent the uncertainties in the tted form
factors. The relative uncertainties become quite large for
Q2 beyond the range of the experimental data but, with
the exception of the neutron charge density, the impact
of those uncertainties upon the tted densities is slight
because the form factors have become rather small by
then. Although the low-Q2 data for GMn have improved
in recent years, signicant systematic discrepancies re-
main. Recent data from Refs. [21,25,27,28] with small
statistical uncertainties suggest a small dip near 0.2 and
2
a peak near 1 (GeV/c)2. For GEn we plot the Galster
model [29] for comparison. The simple two-parameter
t Galster et al. made to the rather poor data avail-
able at that time did not permit a realistic estimate of
the uncertainty in the form factor or tted density and
the apparent agreement with more modern data must be
judged as remarkable but fortuitous.
Proton charge and magnetization densities are com-
pared in Fig. 2. Both densities are measured very
precisely, with interior uncertainties better than 1%.
The new recoil-polarization data for GEp decrease more
rapidly than either the dipole form factor or the mag-
netic form factor for Q2 > 1 (GeV/c)2; consequently, the
charge density is signicantly softer than the magnetiza-
tion density of the proton. Neutron densities are shown
in Fig. 3. We nd that the magnetization density for the
neutron is very similar to that for the proton, although
the interior precision is not as good because the range of
Q2 is smaller and the experimental uncertainties larger.
Limitations in the range and quality of the GEn data
presently available result in a substantially wider error
band for the neutron charge density. Data at higher Q2
are needed to improve the interior precision, but a useful
measurement of the interior charge density is obtained
nonetheless. The positive interior density is balanced by
a negative surface lobe. Note that polarization measure-
ments are sensitive to the sign of the density, but that
cross section measurements are not.
Having established that it is possible to t physically
reasonable charge and magnetization densities to elas-
tic form factor data spanning a large range of Q2, it is
necessary to return to the question of the uniqueness of
Eq. (4). The most important relativistic feature of that
relationship is the identication of the spatial frequency
k2 with Q2/(1 + τ) due to Lorentz contraction of dis-
tributions in the Breit frame and is common to most
models. The relationships obtained by Licht and Pagna-
menta [3] dier from those of Ji [4] by application of a
factor of (1 + τ) to GE as well as to GM . Alternatively,
some constituent quark model calculations apply factors
of (1 + τ)1/2 to both form factors. Dierences between
these prescriptions alter the shape of the tted density in
a smooth fashion, but do not aect the qualitative rela-
tionship between the quality and range of experimental
data and the precision of the tted density, as repre-
sented by its error band. The empirical parametrization
proposed by Bosted [30]
G / (1 + a1Q + a2Q2 + a3Q3 + a4Q4)−1 (8)
also ts the data for large Q2 well and is consistent with
pQCD, but its odd powers of Q are incompatible with
the interpretation of the form factor as the Fourier trans-
form of a radial density and with the moment expansion
for small Q2. Conversely, although we cannot claim our
proposed relationship between form factors and densi-
ties is model independent, it does provide a physically
appealing parametrization of the form factor data and
realistic error bands in both spatial and momentum rep-
resentations. Therefore, even if the identication of the
extracted densities with the static densities is discounted,
these densities do provide a useful parametrization of the
form factors nonetheless.
In summary, we have applied the Fourier-Bessel expan-
sion and an ansatz for the relationship between densities
in the nucleon rest frame to transition form factors in the
Breit frame to extract charge and magnetization densi-
ties with realistic estimates of their uncertainties from
data for Sachs form factors. Three of the four densities
are determined very accurately, but more precise data at
higher Q2 will be needed to achieve comparable precision
for the neutron charge density. Several new experiments
using recoil or target polarization will soon provide more
precise GEn data that should greatly improve the preci-
sion of the neutron charge density.
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FIG. 1. The bands show Fourier-Bessel ts to selected data for nucleon electromagnetic form factors. For GEn the solid line
shows the Galster model.
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FIG. 2. Comparison between tted charge (ρch) and mag-
netization (ρm) densities for the proton. The error bands are
tight and dicult to discern. Both densities are normalized
to
∫
dr r2ρ(r) = 1.
FIG. 3. Charge (ρch) and magnetization (ρm) densities for
the neutron.
6
